Weyl-type eigenvalue perturbation theories are derived for Hermitian definite pencils A − λB, in which B is positive definite. The results provide a one-to-one correspondence between the original and perturbed eigenvalues, and give a uniform perturbation bound. We give both absolute and relative perturbation results, defined in the standard Euclidean metric instead of the chordal metric that is often used.
Introduction
We are concerned with eigenvalue perturbations of a generalized Hermitian eigenvalue problem Ax = λBx, in which A, B ∈ C n×n are Hermitian and B is positive definite. For a standard Hermitian Despite being merely a special case of the Lidskii-Mirsky-Wielandt theorem [9] , Weyl's theorem stands out as a simple and useful result that
• Orders and pairs up the original and perturbed eigenvalues, so that we can discuss in terms of the matching distance [15, pp. 167 ].
• Gives a bound on the largest distance between a perturbed and exact eigenvalue.
Owing to its simple expression and wide applicability, the theorem has been used in many contexts, e.g., in the basic forward error analysis of standard eigenvalue problems [1, Chapter 4.8] . In order to distinguish this theorem from the variants discussed below, in this paper we refer to it as the absolute Weyl theorem.
The relative Weyl theorem, which can provide much tighter bounds for small eigenvalues, is also known [3] . 
Theorem 1.2 (Relative Weyl theorem
This important observation leads to a number of relative perturbation results, along with algorithms that compute eigenvalues/singular values to high relative accuracy including small ones [4, 7, 5] .
For eigenvalues of a Hermitian definite pencil A − λB, in which A, B are Hermitian and B is positive definite, many properties analogous to the eigenvalues of a Hermitian matrix carry over. For example, the pencil has n real and finite eigenvalues, which satisfy a min-max property similar to that for Hermitian matrices [14] .
Some perturbation results for generalized eigenvalue problems are known, mostly in the chordal metric [15, Chapter 6.3] , [10, 12, 2] . Using the chordal metric is a natural choice for a general matrix pencil because it deals uniformly with infinite eigenvalues. However, this metric is not invariant under scaling, and bounds in this metric may be less intuitive than those defined in the standard Euclidean metric. Most importantly, for a Hermitian definite pencil we know a priori that no infinite eigenvalues exist, so in this case the Euclidean metric may be a more natural choice.
The goal of this paper is to derive Weyl-type theorems for Hermitian definite matrix pencils, both the absolute (Section 2) and relative (Section 3) versions. Our results employ the Euclidean metric, and have the two Weyl-type properties described above. Compared to known results, our absolute Weyl theorem is simpler than some known bounds (e.g., [10] ), and our relative Weyl theorem assumes no condition on A. By contrast, the relative perturbation results for Hermitian definite pairs obtained in [9, 11] are derived under the assumption that A and B are both positive definite, which limits their applications; Hermitian definite pencils that arise in practice may not have this property (e.g., [6] ).
We deal only with the case in which B is positive definite, and refer to such pencils as Hermitian definite pencils. This type of problem appears in practice most often, and is sometimes simply called a generalized Hermitian eigenvalue problem [1, Chapter 5] . In the literature a matrix pencil is often called Hermitian definite if αA + βB is positive definite for some scalars α and β [15, pp. 281] . When αA + βB is positive definite, we can reduce the problem to the positive definite case A − θ(αA + βB), noting that this pencil has eigenvalues θ i = λ i /(β + αλ i ).
Notations: λ i (A) denotes the ith smallest eigenvalue of a Hermitian matrix A, and λ min (A) = λ 1 (A). We use only the spectral norm · 2 , and κ 2 (A) = A 2 A −1 2 is the condition number of A. 
Absolute Weyl theorem for generalized eigenvalue problems
.
(1) 
, so we obtain (1) by using the absolute Weyl theorem applied to ZAZ and Z(A + A)Z.
Theorem 1 takes into account only perturbations in the matrix A. In practical problems, the matrix B may be obtained from data that may include errors, or may be subject to floating-point representation errors. Therefore, we are also interested in the impact of perturbations in B. The following result takes such perturbations into account. 
Theorem 2.2 (Absolute Weyl theorem for generalized eigenvalue problems). Suppose that a Hermi-
tian definite pencil A − λB has eigenvalues λ 1 λ 2 · · · λ n . If A
, B are Hermitian and B 2 < λ min (B), then (A + A) − λ(B + B) is a Hermitian definite pencil whose eigenvaluesλ
1 λ 2 · · · λ n satisfy |λ i −λ i | A 2 λ min (B) + A 2 + A 2 λ min (B)(λ min (B) − B 2 ) B 2 , i = 1, 2, . . . , n.(2)
Proof. The fact that (A +
We also see that 
Next, using the relative Weyl theorem for Z(A + A)Z and
, in which we used (3) and (4). Combining these two results gives
Several points are worth noting regarding Theorem 2.2.
• 
The eigenvalues of A − λB are {2,1} and those of A + A − λ(B + B) are {20,0}, so max i |λ i − λ i | = 18. On the other hand, applying
, matching the actual perturbation.
• It is worth comparing our result with that of Stewart and Sun [15, Cor VI.3.3] . They give a bound
is the chordal metric. Noting that the distance between any two numbers a and b is less than 1 in the chordal metric, we see that (6) 2 , in which case (6) is a nontrivial bound. Therefore the two bounds are not comparable in general. An advantage of our result is that it is defined in the Euclidean metric, making its application more direct and intuitive.
• In [10] a result similar to Theorem 2.2 is proved, using the chordal metric but directly applicable to the Euclidean metric: Compared to this bound, our result is simpler and requires less information.
Relative Weyl theorem for generalized eigenvalue problems
We now discuss a generalization of the relative Weyl theorem to Hermitian definite pencils. We show two classes of perturbations that preserve relative accuracy of eigenvalues.
First we observe that a simple analogy from the relative Weyl theorem for standard eigenvalue problems does not work, in the sense that the pencils X T AX − λB and A − λB can have totally different eigenvalues for X such that X H X − I 2 is small. This is seen by the simple example A = B = 100 0 0 1 and X = 0 1 1 0 ; the second pencil has eigenvalues {1, 1} while those of the first are {100, 0.01}.
